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ABSTRACT: If a solution of polydisperse A- and B-polymers undergoes phase separation, the molar mass
distribution of the A-polymers in the A-rich phase becomes different from that in the B-rich phase. This
phenomenon is known as fractionation. Here, we compare experimental results on fractionation with
Flory—Huggins theory and computer simulations. We study the degree of fractionation f(m) = pains(m)/
paina(m), in which paina(m) is the density of A-polymers with molar mass m in the A-rich phase and
paing(m) that of A-polymers in the B-rich phase. We find that f(m) obeys the simple scaling f(m) ~
exp(—km), where k is a temperature-dependent constant.

I. Introduction

Our current theoretical understanding of phase sepa-
ration of mixtures is based on the pioneering work of
Flory2 and Huggins®* as well as Scott,>~” who pre-
sented a mean-field approximation to the free energy
of binary mixtures. Several groups®—12 have studied the
dynamics of multicomponent systems and in particular
nucleation and spinodal decomposition, based on the
Flory—Huggins free energy expression. With small
adjustments to the Flory—Huggins theory, liquid—liquid
phase separation of polymeric systems has also been
investigated.'*2* Some of these studies have also
considered polydisperse binary and quasi-binary poly-
mer mixtures.16:2023.24 Recently, an excellent review
paper on the current theoretical understanding of phase
equilibria in polydisperse systems has appeared.?®
However, to the best of our knowledge, no theoretical
results are reported on the topic of our work—the
equilibrium molar mass distributions of the polymers
in a phase-separated polydisperse binary polymer mix-
ture.

Experiments on polymer mixtures have been reported
by several groups, including those in refs 26—31. These
experiments determined under which conditions phase
separation sets in and dynamical properties of the
phase-separation process; properties of each of the
separated phases are not discussed. Recently, some of
us have studied the composition of the separated phases
of agqueous mixtures of gelatin and dextran.3? In section
Il we will summarize the main findings of this latter
paper.

Computer simulations of lattice models for polymeric
systems have been performed, based on a model of
Verdier and Stockmayer,33-37 on self-avoiding walks,38:3°
and on the bond fluctuation model (BFM).22:49-42 |n this
work, we use a different lattice polymer model, which
is described in section Ill. It has been studied with
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Flory—Huggins theory in section IV and with computer
simulations in section V. We conclude with a section in
which we compare the results of the experiments, the
Flory—Huggins theory, and the computer simulations
with respect to the composition of the phases of the
separated polymer mixture.

Il. Experimental Part

In earlier experimental work, we studied the effect of phase
separation on the molar mass distributions of aqueous mix-
tures of gelatin and dextran.3? These two biopolymers are both
polydisperse with respect to their molar mass. Aqueous
mixtures of gelatin and dextran were made to phase separate.
After full phase separation was established, samples of both
phases were analyzed with use of size exclusion chromatog-
raphy and multiangle laser light scattering (SEC-MALLS) to
determine the molar mass distribution of both components in
coexisting phases. Full phase separation of aqueous mixtures
of gelatin and dextran results in a gelatin-rich and a dextran-
rich phase. However, both phases contain both polymers.*
Figure 1 shows the effect of phase separation on the molar
mass distribution of gelatin (left) and dextran (right). It turns
out that the minority type of molecules in each phase consist
of the small molar mass part of the distribution.

To quantify this observation, we determine the degree of
fractionation:

fx(m) = C;oor(m)lci’(ich(m) (1)

in which ¢, (m) and cg,(m) are the concentrations of com-
ponent x (gelatin or dextran) with a degree of polymerization
m in the depleted (poor) and the enriched (rich) phase,
respectively. The value m = 1 corresponds to a monomer. For
gelatin, the monomer mass is taken 90 Da (the average mass
of an amino acid in the gelatin used) and for dextran 162 Da
(the mass of a glucose repeating unit).

If we plot f*(m) vs the degree of polymerization, it turns
out that the fractionation shows exponential behavior for both
gelatin and dextran (see Figure 2).

111. Lattice Model

The particular lattice polymer model that we use
describes a polymer of length L as a self-avoiding walk
on a face-centered-cubic (fcc) lattice, with the exception
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Figure 1. Effect of phase separation on the molar mass distributions of gelatin and dextran in coexisting phases after phase
separation of a mixture containing 5% (w/w) gelatin and 5% (w/w) dextran, at 60 °C. Left: gelatin (M, = 184 kDa); right: dextran
(My, = 299 kDa). The upper lines show the concentrations in the rich phase and the lower lines in the poor phase; the dots show

the concentrations before phase separation.
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Figure 2. Degree of fractionation f(m) as a function of polymer
length (number of monomers) for a sample containing 5% (w/
w) gelatin and 5% (w/w) dextran at T = 60 °C. The gray and
black lines correspond to gelatin and dextran, respectively.

that monomers which are adjacent in the chain may
occupy the same lattice site. The set of lattice sites
occupied by the polymer is called the tube, and the
difference between L and the length of the tube is called
stored length. Monomers belonging to different polymers
are never allowed to reside on the same lattice site.

This particular lattice polymer lends itself extremely
well for computer simulations. The polymers diffuse by
two different kinds of Monte Carlo mechanisms. The
first mechanism is that of reptation along a chain: if
for a given monomer one of its adjacent monomers is
located on the same lattice site, while its other adjacent
monomer is located on a nearest-neighbor lattice site,
it can move to that lattice site. As we will show below,
interactions can be defined such that this kind of move
does not change the total energy. This allows a highly
efficient implementation of those moves using multispin
coding techniques.** A contracted end monomer, on the
same lattice site as its neighbor in the chain, can move
to a randomly chosen neighboring empty site, and an
extended end monomer can move to the lattice site that
contains its neighbor in the chain.

The second mechanism in our simulations corre-
sponds to sideways movement of the polymer. Proposed

moves for this mechanism are single-lattice-site dis-
placements of a single monomer that leave the polymer
configuration valid. These moves may change the tube
length of the polymer by adding or removing stored
length.

We have chosen a fcc lattice instead of the more
common simple-cubic lattice because the latter would
severely restrict the freedom in sideways movement.
The effective rates of reptation moves and sideways
moves depend on the amount of stored length in the
polymers and are highest if 50% of the bonds are stored
length. We have chosen a ratio of z/2 between attempt
rates for moves that increase or decrease the tube
length, where z = 12 is the coordination number of the
fce lattice. This is incorporated by a difference in entropy
related with stored length of In(z/2).

The phase separation of the two polymer types is
induced by a short-range repulsive interaction between
the different types of polymers. The interaction energy
between two nearest-neighbor lattice sites is epg = J if
the two lattice sites are occupied with different types
of monomers. The other polymer—polymer interactions
(eaa and egp), polymer—solvent interactions (eao and egp),
and the solvent—solvent interactions (eqo) are set to zero.
Note that the strength of the interaction is independent
of the number of monomers residing on the lattice sites.

To incorporate the change in total energy due to a
move, we apply a Metropolis accept—reject procedure.*®
If the change in total energy AE is negative (i.e., the
energy decreases), the proposed move is always ac-
cepted; otherwise, the acceptance probability is equal
10 Paccept = exp(—AE/(ksT)), in which kg is the Boltz-
mann constant and T the temperature.

Our goal to implement reptation dynamics with high
computational efficiency explains why in our model we
do not apply an excluded-volume constraint to adjacent
monomers in the chain as well as why we choose
interaction strengths between nearest-neighbor lattice
sites independent of the number of monomers that
occupy the lattice sites. In our implementation, repta-
tion moves take 2 ns CPU time*® on average, end
monomer moves take 90 ns on average, and sideways
moves take 90 ns on average. Reptation moves and end
monomer moves are attempted at a 30 times higher rate
than the sideways moves. On average, a move takes
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about 3 ns for a polymer distribution with an average
length of 165 monomers, which we used for our simula-
tions.

While the two mechanisms above reflect realistic
dynamics of polymer mixtures, we also used a third
mechanism that is highly artificial. In this mechanism,
the proposed move is to change the type of a randomly
chosen single polymer from type A to B or vice versa.
This proposed move is then accepted or rejected accord-
ing to the Metropolis algorithm. This mechanism does
not alter equilibrium properties but should not be used
if dynamical properties are studied.

Each of these three mechanisms is implemented in a
way that ensures detailed balance, and the combination
of these three mechanisms ensures a complete explora-
tion of phase space; i.e., ergodicity is obtained. The
combination of detailed balance and ergodicity guaran-
tees that eventually configurations are generated ac-
cording to the Boltzmann distribution.

IV. Flory—Huggins Theory

We present here Flory—Huggins theory applied to our
particular lattice model of polydisperse polymer mix-
tures. First, we introduce the theory for a monodisperse
symmetric mixture and then extend it to general poly-
disperse systems. The resulting expression for the free
energy is minimized numerically for the molar mass
distributions of the initial constituents of the polymer
solutions used in the experiments and those used in our
computer simulations.

For a binary polymer mixture with a repulsive
interaction between the two types, phase separation is
energetically favorable but entropically unfavorable.
The simplest theory of the phase transition in such
systems originates from Flory and Huggins. Below, we
present it first for a monodisperse symmetric mixture,
but we do not assume that the polymer system is large.
The entropy of mixing is the logarithm of the number
of ways one can split the set of polymers into a phase
with p polymers of type A and g polymers of type B and
another phase with q polymers of type A and p polymers
of type B. The entropy of mixing for either phase is

(p+ 9!
p!q!

which has a maximum at p = q, i.e., for two equal
phases. Flory and Huggins were only interested in the
limit where p and q are both very large and used
Stirling’s approximation to arrive at the well-known
result

S=kglIn (2)

q
pP+aq

We assume that the polymers are randomly distrib-
uted throughout the system and that effects of the chain
structure on the energy of the system can be described
by introducing an effective coordination number z,
instead of the lattice coordination number z. The total
energy of the system, in this mean-field approximation,
is proportional to the number of nearest-neighbor lattice
sites occupied by different type monomers, with a
proportionality constant J. The system contains V lattice
sites. In a single phase, (ps/pm)pL sites are occupied with
one type of monomers and (ps/pm)qL sites are occupied
with the other type, where ps and pm are the density of
occupied lattice sites and the monomer density, respec-

Sey = —kgp In —kgg In

p
pP+aq
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tively. Note that ps and py, are not equal due to the
possibility of multiple adjacent monomers occupying a
single lattice site. With these assumptions, the polymers
of type A have (ps/pm)PLZes interactions with neighboring
lattice sites, but only the fraction (ps/pm)qL/V is occupied
by monomers of type B. The energy is

_ad

E=V

L°pq (3)

with o = (ps/pm)?(ZesilZ).

The physical system in equilibrium, at constant
pressure, will minimize the Gibbs free energy for a
system, which is almost equivalent to minimizing the
Helmholtz free energy, for constant volume, because the
system is almost incompressible. The Flory—Huggins
theory is based on the mean-field free energy expression
for a system with a constant number of particles and a
constant volume. The Helmholtz free energy of a single
phase, F = E — TS, is given by

_adz

+q)!
v L%pq — kgT In ——~=

F (4)

The free energy has a minimum at H, — cp = Hq — cq,
where H, = 3,i~t is the nth harmonic number and ¢
= (aJz/V)(L?%/kgT) is the total effective interaction
between the polymers. The harmonic numbers behave
like H, ~ In n for large n, and the continuous version
goes to zero for small n. Indeed, if we may assume large
numbers of polymers for both polymer types, we can use
Hn ~ In n + v, and we arrive at the equation In p — cp
= In g — cq, which is precisely the same result as if one
used the Flory—Huggins free energy instead of eq 2. The
constant y = 0.577216... is known as Euler’s constant.

A general phase-separated polydisperse polymer mix-
ture can be described as a set of boxes {B}, containing
polymers from a set of different species (types of
polymers) {S}, and a set of different lengths {L}. The
expression for the entropy becomes

( Ngpp)!
be{B}
s=ken [T []—— (5)

se{S} le{L} nslb!
be{B}

where ngjp is the number of polymers of species s and
length | present in box b. Maximum entropy is reached
if all boxes have equal volume and contain the same
amount of polymers of each type and length. We can
rewrite the logarithm of the product as a sum of
logarithms and, in the limit where all ngy > 1, use
Stirling’s approximation to avoid the factorials:

Sen = —Kg Z Z Z Ngp IN Ny, + const  (6)
se{S} le{L} be{B}

The energy of mixing is again considered by a mean-
field approximation:

E oz 1 ( N
=_ - €ss — €os
2 bgs} Vy 1;} l'eZL} seZS} €75}

€00)NgipINg I’ + const (7)

where V,, is the number of lattice sites in box b.
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We now turn to the polydisperse case with two
components A and B, with only interactions between
nearest-neighbor sites occupied by different types, i.e.,
eas = J = 0. It is convenient to change notation: we
denote the number of A-polymers of length L; in box b
with p?, and the number of B-polymers of length L; in
box b with qib. The free energy then becomes

_ aJz b b
F= Z V—b(Zpi Li)(Zqi L) +
kT3 P In P+ ksT 5 af Inf + const (8)

Again, Vj, is the volume of box b. Given a starting
distribution, we can minimize this free energy under
the constraints that the total number of A- and B-
polymers of each length is constant and that the total
volume V = V; + V5 is constant.

We created the density p(m) of polymers containing
m monomers from the experimental molar mass distri-
bution c(m-mg) in which mg is the mass of a monomer
(90 Da for gelatin, 162 Da for dextran) as follows. First,
we approximated the experimental molar mass distri-
bution (Figure 1) by the sum of Gaussians with mean
value In(a;) and width o; (four Gaussians for gelatin,
three for dextran):

[In(m) - In(a)]?
p(m) ~ 5 k; exp| - (©)

20

Next, the sum of these two length distributions was
divided into 100 bins containing the same number of
polymers. Each bin is then represented by a mono-
disperse population with the average length and ap-
propriately chosen fractions of dextran and gelatin.

Using the Flory—Huggins expression, we minimized
the free energy for a configuration in two boxes. We
expect that the degree of fractionation is exponential
in the length of the polymers, i.e., f(m) ~ (—=km), and
therefore plot

k(m) = —m~ ! In f(m) (10)

as a function of temperature (see Figure 3). As expected,
measurements for different polymer lengths fall on top
of each other in this figure, showing that the degree of
fractionation f(m) changes exponentially with the poly-
mer length. The figure shows that the two boxes contain
equal phases above T/ad = 4.80 x 10°% and different
phases below that value, one rich in gelatin and the
other rich in dextran. In mean-field theory, we expect
that the critical exponent for phase separation is gy =
1/,. In the inset of the figure we plot [k(m)|Yf# in the
critical regime, which indeed shows linear behavior up
to the critical temperature.

Our computer simulations are limited to identical
polydispersity for the two types of polymers. We fitted
a single Gaussian to the average of the length distribu-
tions of gelatin and dextran and then proceeded as
above to obtain a population of 45 different lengths. For
computational efficiency, the average polymer length
within the simulations was 165 monomers. The molar
mass of this distribution was My, = 214 monomers, as
compared to a few thousand in the experiments. Also,
for the length distribution used in the simulations, we
applied Flory—Huggins theory. Figure 4 shows the
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Figure 3. Flory—Huggins results for k(m) = —m~! In f(m) as
a function of dimensionless temperature for dextran (upper
points) and gelatin (lower points). The curves for all polymer
lengths m coincide, showing that the degree of fractionation
increases exponentially with length. The inset shows that
|k(m)|Y#r+ decreases linearly with temperature, up to its critical
value.
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Figure 4. Flory—Huggins results for k(m) = —m~! In f(m) as
a function of dimensionless temperature for the polymer length
distributions used in the computer simulations, with and
without Stirling's approximation (lower and upper points,
respectively).

resulting k(m) = —m~1 In f(m) as a function of temper-
ature. Well below the critical temperature, the short
polymers deviate from the relation f(m) ~ (—km), toward
a higher degree of fractionation. This deviation de-
creases with increasing polymer lengths and disappears
completely if Stirling’s approximation were used.

V. Computer Simulations

We performed computer simulations of the model,
with polydispersity as described above, containing 5400
polymers in total, on a fcc lattice with 1 728 000 sites.
All simulations start with a system generated and
equilibrated without nearest-neighbor interactions, i.e.,
at infinite temperature. We use the three types of moves
as described in section Ill to bring the system in
equilibrium at the selected temperature. We keep track
of the number of polymers of type A and B for each
polymer length. The averages of these data are used to
determine the phase separation temperature and the
fractionation of the different polymer lengths.

With decreasing temperature, the binary polymer
mixture separates into two equivalent phases, and the



6666 van Heukelum et al.

1.0 T T T T T T

0.9

0805 5
_ 077
m
a 06} +
+ s
\‘:‘_‘:0.5-:a
~ 04l
S I

03|

0oL 40 45 50 55
T/J

0.1 poor phase

0.0 1 1 1 1 1 1
25 30 35 40 45 50 55 60

T/J

Figure 5. Relative weight pa/(pa + ps) of A-polymers in their
rich (upper curve) and poor phase (lower curve) as a function
of temperature. The inset shows |(oa — ps)/(pa + ps)|*#, which
is expected to decrease linearly to zero at the critical temper-
ature. We plotted the data with three values for the expo-
nent: g = 0.3269 (squares) as in the 3D Ising model, the
Fisher-renormalized value g = 0.37 (circles), and the mean-
field value g = 0.5 (triangles). The straight lines are fits by
the eye, fitting the critical temperature (zero-crossing) and
amplitude (slope). Our data are well described with § = 0.3269
or § = 0.37 but are incompatible with the mean-field value
= 0.5. Above the critical temperature, the rich phase and poor
phase are still distinguishable due to the finite size of the box.

interaction is short-ranged. This is also the case in the
familiar 3D Ising model. A subtle issue is that in our
simulations the molar mass distribution is kept con-
stant; this could give rise to so-called “hidden variables”
in the context of Fisher renormalization.*647 If this is
indeed the case, the specific heat takes large values but
does not diverge to infinity at the critical point. Conse-
quently, the corresponding critical exponent o' is zero,
and the other exponents take slightly different values;
in particular ' = /(1 — o) ~ 0.37, instead of § = 0.3269
in the pure Ising model.*8

In the Ising model, if the critical temperature is
approached from below, the magnetization M decreases
to zero as M ~ (T, — T). In our model, the equivalent
of the magnetization is the normalized density differ-
ence |(oa — ps)/(oa + ps)|. This quantity, raised to the
power 1/, is thus expected to decrease linearly to zero
at the critical temperature. The inset of Figure 5 shows
this approach for § = 0.3269 as in the Ising model, f =
0.37 as expected if Fisher renormalization occurs, and
the mean-field value § = 0.5. Mean-field behavior is
inconsistent with our data, but we cannot establish
whether Fisher renormalization takes place within our
numerical accuracy.

The degree of fractionation of the polymers in the
computer simulations shows exponential dependence on
the polymer length for long polymers in the simulation.
The short polymers deviate slightly due to end group
effects: a polymer of length m > 1 has less surface than
m times that of one monomer. This finite-length effect
can be accounted for with f'(m) ~ exp(—km — kzv/m).
In Figure 6 the measured values for f(m) are plotted as
a function of m. In the same figure, curves for f'(m) with
fitted values for k and k, are shown as well. The long-
polymer limit is retrieved by setting k» to zero; in this
limit, k = —m~1 In f(m) is independent of polymer length
m. Figure 7 shows the values of k as a function of
temperature. A comparison of Figure 4 with Figure 7
shows quantitative agreement well below the critical
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Figure 7. Numerical values for the fitting parameter Kk in
the function f'(m) = exp(—km — ko+/m) fitted as in Figure 6
as a function of dimensionless temperature. The line in the
fit is as shown in Figure 4, after substitution of a = 0.521.

temperature if oo = 0.521. Close to the critical temper-
ature we do not expect quantitative agreement due to
the finite simulation cell. The value of o describes the
combined effect of the stored length of the polymers,
which decreases the number of interactions, and the
effective coordination z., which is smaller than the
lattice coordination number z because of shielding of
monomers due to neighbors along the chain. Both
contributions are insensitive to small temperature
changes.

V1. Concluding Remarks

In summary, we discussed the experimental result
that fractionation is an exponential function of the
molar mass: f(m) ~ exp(—km). We showed that this
scaling is supported by Flory—Huggins theory and
computer simulations. Second, we studied the exponent
B, which describes the behavior of phase separation as
a function of temperature close to its critical value.
Within Flory—Huggins theory, this exponent was found
to be Srn = 0.5, consistent with the mean-field estima-
tion of the exponent § in the 3D Ising model, as
expected. Within computer simulations, on the other
hand, this exponent was found to be consistent with
non-mean-field values = 0.3269 as found in simula-
tions of the 3D Ising model, as well as g = 0.37, the
Fisher-renormalized critical exponent.
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